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The lobe function and cartesian (spherical harmonic) gaussian are compared with reference to 
calculations for second-row atoms. Single and grouped gaussian basis sets which have been 
reported for cartesian functions are taken over directly to construct corresponding lobe function 
bases with identical sets of exponents and with lobe separations chosen by a scaling procedure. 
Total and orbital energies and SCF coefficients resulting from calculations on the second-row atoms 
using the two types of functions for both primitive and grouped gaussian basis sets are seen to be in 
excellent agreement, thereby emphasizing the essential equivalence of lobe functions and cartesian 
ganssians, at the very least with respect to calculation of energy surfaces. 

Die Lobe-Funktionen und kartesischen (Kugelfunktions-) GauBfunktionen werden i n  Be- 
rechnungen von Atomen der zweiten Reihe des periodischen Systems verglichen. Schon bekannte ein- 
fache und gruppierte Gaul3funktionsbasiss~itze ftir kartesische Funktionen werden direkt iibernommen, 
um entsprechende Lobe-Funktionsbasen mit identischen Exponenten zu konstruieren, wobei die 
zugeh6rigen Lobe-Abst~inde nach einer Koordinatenstreckungs- (scaling) Methode berechnet werden. 
Gesamt- und Orbitalenergien sowie SCF-Koeffizienten fiir die Atome der zweiten Reihe stimmen bei 
Benutzung der beiden verschiedenen Funktionstypen, sowohl bei einfacher als auch bei gruppierter 
Gaul3funktionsbasis, augerordentlich gut tiberein, wodurch die wesentliche Gleichwertigkeit yon 
Lobe-Funktionen und kartesischen GauBfunktionen betont wird, zum allermindesten hinsichtlich 
der Berechnung von Energiefl~ichen. 

La fonction de lobe et la gaussienne cart6sienne (harmonique sph6rique) sont compar6es sur des 
calculs d'atomes de la seconde ligne. Des bases de gaussiennes simples et group6es utilis6es pour les 
fonctions cart6siennes sont directement employ6es pour construire les bases correspondantes de 
fonctions ~t lobes avec des ensembles d'exposants identiques et des s6parations de lobes choisis par 
calibrage. L'emploi de ces deux types de fonctions donne des r6sultats concordants pour l'6nergie 
totale, les 6nergies orbitales et les coefficients SCF, mettant l'accent sur l'6quivalence essentielle des 
fonctions/t lobe et des gaussiennes cart6siennes, tout au moins pour le calcul des surfaces d'6nergie. 

1. Introduction 

T h e  sugges t i on  tha t  g a u s s i a n  func t ions  e x p ( - c ~ r  2) be  e m p l o y e d  to  desc r ibe  
the  r ad ia l  b e h a v i o u r  of  e l ec t ron ic  w a v e f u n c t i o n s  [1]  has  led to  a m a r k e d  
inc rease  in ac t iv i ty  in the  a r e a  o f  a priori  ca l cu l a t i ons  for  p o l y a t o m i c  
molecu les .  T h e  success  o f  this  a p p r o a c h  rests  in g rea t  p a r t  u p o n  the  t r ac t ab i l i t y  

of  the  gene ra l  m u l t i c e n t e r  e l e c t r o n  r e p u l s i o n  in tegra l s  r e su l t ing  f r o m  the  use  o f  
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such functions. While simple exponential functions exp(-  ~r) have also been used 
successfully for the treatment of small polyatomics, for larger molecules a priori 
calculations to date have been restricted entirely to those employing gaussians. 
Recently systems the size of azulene and naphthalene [2] have been studied 
ab initio using a gaussian basis set which is capable of obtaining a good 
approximation to the Hartree-Fock solutions of the constituent atoms; smaller 
basis set calculations of this type have also been reported for biologically 
important systems, such as adenine [3], and also for naphthalene [4]. 

Attempts to achieve the proper angular dependence for these gaussian 
functions have proceeded along two different lines. The first involves multiplication 
of the radial term by the appropriate spherical harmonic Yz,,(0, ~b), in direct 
analogy to the construction of the Slater-type or simple exponential AO; 
this function is commonly referred to as the cartesian gaussian: 

gC = NCr%xp(_ ~r 2) Ylm(O, 4) (normalized).  (1) 

Preuss [5], on the other hand, has proposed that the desired angular 
characteristics can also be obtained by taking linear combinations of simple 
gaussians rather than by multiplying them with spherical harmonics; these 
sums of gaussians are referred to as lobe functions and can be discussed most 
conveniently with reference to real p-type combinations: 

g)(~) = NL{exp [ -  e(r -- go~) z] - e x p [ -  ~(r + Ro~)] 2 } (2) 

where ~ is a unit vector, and R0 is a constant defining the distance from the origin 
(usually, but not necessarily a nuclear coordinate) of the centers for the two 
simple gaussians. Higher spherical harmonic terms are then associated with 

�9 appropriate multiples of the p-type lobe functions while the definition of an 
s-type gaussian in this formulation is the same as that used in connection 
with the cartesian functions. 

An apparent disadvantage of the gaussian lobe function is its dependence 
upon the choice of the parameter R0, but some insight into this question can be 
gained by comparison with cartesian gaussians. Variation of the exponent in 
Eq. (1) from c~ to a ,=q2a can be conveniently looked upon as a two-step 
process which involves scaling the distance coordinate by q and then renormal- 
izing. If the same procedure is utilized for exponent variation for the p-type 
lobe function of Eq. (2) it follows that not only does ~,=~2~ but also 
R~ = Rot/-1 and thus that Ro ~ = R ~  '~ is a constant, hereafter referred to as c, 
independent of the value of the exponent. By substitution of cc~ -~ for Ro 
in Eq. (2) followed by expansion of this function in a Taylor series about the 
origin [6] one obtains an expression for gL whose leading term differs by only a 
constant factor from the corresponding real cartesian function. 

The other terms in this Taylor series expansion depend on even powers of the 
constant c and therefore theoretically can be made as small as desired with 
respect to the leading term simply by choosing c to be arbitrarily small. In 
practice, however, a relatively large value of this parameter must be chosen to 
insure the required precision in the calculation of the various electron 
repulsion and one-electron integrals and thus it is necessary to examine the 
aforementioned series in more detail. If c has a typical value of 0.03, for 
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example, for c~ = 100 the second term evaluated at a distance of 1.0 a.u. from the 
origin is 6% of the first term of the series; indeed at larger distances the angular 
part of the Taylor series must diverge from the desired spherical harmonic from, 
regardless of the choice of the constant c (except for the trivial case of vanishing c). 
Although the radial part exp( ar 2) acts as a strongly damping factor at such 
distances, this property would seem to raise serious questions about the utility of 
the gaussian lobe functions; in particular it would appear that its transformation 
properties might be significantly different from those of its cartesian analog 
because of the presence of higher order spherical harmonic terms in the 
aforementioned expansion. In order to examine these questions the present 
paper thus attempts a comparison of the two types of gaussian functions with 
reference to their use in atomic calculations. 

2. Comparison of Primitive Gaussian Basis Sets 

A first attempt at comparing cartesian and lobe function gaussians involves 
the single or primitive gaussian basis sets for second-row atoms reported by 
Veillard [7]. For each of these systems the identical set of exponents 
employed in the cartesian basis is chosen for the corresponding lobe function 
set; the lobe separation R0 for each of the p functions is related to its 
exponent by the expression Ro=cc~ -~, with c fixed at a value of 0.03, 
so that differences in exponent in both cases can be looked upon as resulting 
from a scaling procedure (see Introduction). A comparison of the resulting total 
energies of these atoms is given in Table 1 while corresponding orbital energies 
and SCF expansion coefficients are given in Table 2. 

For each atom the total energies are seen to agree to at least seven 
significant figures, with the largest discrepancy occuring for phosphorus and of 
magnitude 6.0 x 10-5 hartree. The cartesian basis sets consistently produce the 
lower energy, with only one slight exception noted in sodium. Such agreement 
would seem to be remarkably good in view of the different functions employed; 
it would not be at all implausible to argue that a significant portion of the 

T a b l e  1. Comparison of total energies for the atoms N a  through A r  obtained from cartesian and lobe 
function single 9aussian (12, 9) basis sets using identical exponents, given by VeiUard. (Throughout 

this paper all energy values are given in hartrees) 

C a r t e s i a n  L o b e  f u n c t i o n  
bas is  a bas is  

N a  - 1 6 1 . 8 5 2 5 9  - 1 6 1 . 8 5 2 6 0  
M g  - 199.60777 - 199.60776 
A1 - 2 4 1 . 8 7 1 1 8  - 2 4 1 . 8 7 1 1 7  
Si - 2 8 8 . 8 4 8 5 7  - 2 8 8 . 8 4 8 5 5  
P - 3 4 0 . 7 1 2 1 3  - 3 4 0 . 7 1 2 0 7  
S - 3 9 7 . 4 9 7 7 6  - 397.49773 
C1 - 4 5 9 . 4 7 4 0 5  - 4 5 9 . 4 7 4 0 2  
A r  - 526.80828 - 5 2 6 . 8 0 8 2 7  

" Ref. [7]. 
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discrepancies observed are caused by round-off errors or other differences in 
precision in the two independent sets of calculations. 

Differences between corresponding orbital energies are about an order of 
magnitude larger in general but this situation is again consistent with previous 
experience with numerical precision for calculations of this type. The agreement 
worsens slightly with increasing nuclear charge of the atom but even for argon 
it is quite good. Differences between corresponding SCF expansion coefficients 
are also relatively small, almost always less than 2.0 x 10 -4. 

It is also found that these results are only very slightly dependent on the 
choice of lobe separations. Variations of a given lobe separation in the region 
of 10 to 20 % of the original value for all p functions of both A1 and Ar basis sets 
fails to alter the respective total energy values by more than 1.0 x 10 -5 
hartree in any case. Variations of 50-100 % produce energy changes which are 
slightly greater than this threshhold value in a few instances but in all these 
cases the energy is observed to increase. No attempt has been made to 
simultaneously alter all lobe separations for a given atom by varying the lobe 
constant c for these AO basis sets. 

3. Comparison of Grouped Gaussian Basis Sets 

For  molecular calculations it is convenient to form basis functions which are 
fixed linear combinations of primitive gaussians. Thus it seems desirable to carry 
out a similar comparison of cartesian and lobe function gaussians for basis sets 
composed of functions of this type. The recently reported second-row cartesian 
gaussian basis set of Huzinaga [8] is chosen for this purpose, again using the same 
exponents and the same relationship between lobe separation and exponent 
(c = 0103) to construct the analogous lobe function basis. The resulting total 
energies are compared in Table 3 and the corresponding SCF coefficients and 
orbital energies are contained in Table 4. 

For  the most part the discrepancies in total energies between the two sets of 
calculations employing the grouped basis sets are still quite small, albeit 
somewhat larger than those obtained using Veillard's primitive gaussian functions. 

Table 3. Comparison of total energies for the atoms Na through Ar obtained from cartesian and lobe 
function grouped gaussian basis sets using identical exponents, given by Huzinaga 

Cartesian Lobe function 
basis" basis 

Na -161.81733 -161.85505 
Mg -199.60095 - 199.61002 
A1 -241 .86953  -241.86947 
Si -288 .84415  -288.84405 
P -340 .70360  -340.70349 
S -397 .48928  -397.48923 
C1 -459 .46443  -459.46445 
Ar - 526.79963 - 526.79964 

a Ref. [8]. 
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Fig. 1. Deviation of total atomic energies (hartrees) for F through Ar from the corresponding 
Hartree-Fock values [9] for several calculations: --  - -  Double Zeta [9], �9 .... Veillard Single 
Gaussian [7], - -  Huzinaga Grouped Gaussian [8] and . . . . . .  present lobe function treatment 
based on Huzinaga's exponents for cartesian gaussians. The curve obtained from the lobe function 
calculation employing Veillard's exponents cannot be distinguished from its cartesian counterpart 

at the scale used in this diagram 

Just as in the ungrouped case, the energy differences are seen to increase from 
argon to a maximum at phosphorus and then to decrease again towards sodium 
but it is apparent that a definite break in this pattern occurs at magnesium for 
these grouped basis set calculations. Examination of Fig. 1, in which the energy 
deviations from the respective Hartree-Fock values are plotted for various basis 
sets as a function of the nuclear charge of the atoms, suggests quite strongly that 
these large discrepancies for Na and Mg (particularly for Na) cannot plausibly 
be attributed to any inherent distinction between the two types of functions, but 
rather to an error in the cartesian gaussian calculations. The close agreement 
between corresponding total energies is restored for Ne and F. 

If the Na and Mg results are ignored for the moment it is found that the fixed 
group basis set calculations also show comparable but slightly worse agreement 
between corresponding orbital energies and SCF coefficients of lobe function 
and cartesian gaussian representations (Table 4) relative to the ungrouped case. 
It is not surprising that the discrepancies might tend to be greater for the 
grouped basis sets since the numerical operations associated with these 
calculations are expected to be carried out somewhat more precisely in the single 
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gaussian treatment. Thus it is again concluded that the small discrepancies 
found to exist between the two types of gaussian atomic SCF calculations are more 
plausibly assigned to distinctions in numerical precision rather than in the 
functions themselves. 

A last set of calculations dealing with variation of lobe separations in 
grouped basis sets remains to be discussed. In contrast to the results for 
primitive gaussian bases it is found that alteration of one lobe separation 
within a group (while holding all other lobe separations at their original 
values) may make a sizeable difference; in Na, for example, a change of 10% in 
the lobe separation for one of the single gaussians of Huzinaga's ~p,z produces 
an energy increase of 0.009 hartree. On the other hand if all lobe separations 
are altered simultaneously by varying the lobe constant c (specifically to 
0.025 and 0.035 from 0.030), and thus in a manner consistent with a scaling 
procedure, energy changes of less than 1.0 x 10-s hartree are observed. It is 
therefore clear that the values chosen for lobe separations are much more 
critical for grouped basis sets, most likely because in the ungrouped calculations 
the SCF procedure is much less restricted in compensating for such deficiencies. 
By maintaining a constant value for c, however, this difference between single and 
grouped gaussian lobe function calculations is removed. 

4. Summary and Conclusions 

In summary then excellent agreement is obtained between SCF calculations 
using cartesian gaussian basis sets and those employing lobe functions, when 
identical sets of exponents are taken and lobe separations are assumed to be 
inversely proportional to the square roots of the corresponding exponents. This 
agreement can be proven to be exact in the limit of a zero constant of 
proportionality c; the present calculations indicate that it is also quite good 
(total energy discrepancies of considerably less than 1.0 x 10 -4 hartree) if c is 
chosen to be as high as 0.03. 

Of course it would be overly optimistic to conclude solely on the basis of these 
energy comparisons that the two types of gaussians are equivalent in practice for 
all applications but at the same time is seems safe to state that significant differ- 
ences in calculated results for the two types of functions can arise only in cases 
for which the charge distribution relatively well removed from the nuclei of a 
given system is an important factor, since near the origin of a p orbital, 
cartesian and lobe function gaussians are almost analytically equivalent. In any 
event the atomic SCF calculations discussed herein indicate quite strongly that 
potential surfaces calculated using the two types of gaussians for an equivalent 
basis set are for all practical purposes indistinguishable 1. 

Certainly one area in which advantage can be taken of the foregoing 
comparison of gaussian functions is that of basis set optimization. Hitherto 
cartesian basis sets have generally utilized different groups of exponents than those 
of a comparable lobe function basis but the results of the present study indicate 

1 The specific effects of the slightly different angular characteristics of the lobe function upon 
calculated one-electron properties have been investigated by Harrison [113]. 
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unequ ivoca l ly  tha t  the  set of exponents  ob t a ined  for one type  of  gauss ian  will 
w o r k  equal ly  well for the  other.  This  co r re spondence  shou ld  also ho ld  for h igher  
spher ica l  h a r m o n i c  te rms  since these funct ions can be di rect ly  re la ted  to 
a p p r o p r i a t e  p roduc t s  of  p - type  species. These  cons idera t ions  lead  to the 
conclus ion  tha t  the  lobe  funct ion should  no t -be  cons idered  as a fundamenta l ly  
different objec t  than  the car tes ian  gauss ian  bu t  ra ther  s imply as a convenient  
calculat ive  device capab le  of ob ta in ing  accura te  values  for necessary integrals .  
Al te rna t ive ly  for mo lecu la r  potent ia ls ,  in which case spher ica l  t r ans fo rma t ion  
p roper t i e s  are  no  longer  essential  by  vir tue of  the  reduced  symmetry ,  the  lobe  
funct ion assumes equal  s ta tus  with the  spher ica l  h a r m o n i c  gauss ian  as an 
immense ly  p rac t ica l  too l  for car ry ing  ou t  a priori calcula t ions  for chemical ly  
in teres t ing systems. 
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Note Added in Proof: Since submitting this paper Prof. Huzinaga has informed us that the SCF 
results for Na and Mg reported in Ref. [81 are in error and that the corrected data are in good agree- 
ment with the gaussian lobe function results reported in the present article. 

References 

1. Boys, S. F.: Proc. Roy. Soc. (London) A 200, 542 (1950). 
2. Buenker, R. J., Peyerimhoff, S. D.: Chem. Physics Letters 3, 37 (1969). 
3. Mely, B., Pullmann, A.: Theoret. chi m. Acta (Berl.) 13, 278 (1969). 
4. Preuss, H.: Int. J. quant. Chemistry 2, 651 (1968). 
5. - -  Z. Naturforsch. 11, 823 (1956), 
6. Petke, J. D., Whitten, J. L., Douglas, A. W.: J. chem. Physics 51, 256 (1969). 
7. Veillard, A.: Theoret. chim. Acta (Berl.) 12, 405 (1968). 
8. Huzinaga, S., Sakai, Y.: J. chem. Physics 50, 1371 (1969). 
9. Clementi, E.: J. chem. Physics 40, 1944 (1964). 

10. Harrison, J. F.: J. chem. Physics 46, 1115 (1967). 

Prof. Robert J. Buenker 
Department of Chemistry 
University of Nebraska 
Lincoln, Nb. 68508, USA 

Prof. Dr. Sigrid Peyerimhoff 
Institut fox Physikalische Chemie 
Johannes Gutenberg-Universit~it 
D-6500 Mainz, Germany 


